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Equation of State and Critical Point of Cesium 
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Equation-of-state measurements for cesium at temperatures from 350 to 2200 K 
and pressures from 1 to 60 MPa by means of a hermetically sealed two-zone 
dilatometer are presented. The experimental range includes the liquid and 
gaseous phases together with the coexistence curve up to critical point and 
supercritical region. The critical parameters are 1938 K, 9.4 MPa, 0.39 g . c m  3. 
The data were used for the calculation of tables of the density and its derivatives 
for cesium. The results are discussed. 
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1. INTRODUCTION 

Cesium and other alkali metals are simple metals. The fermi surface of 
these metals is spherical [1]. Hence, to understand distinctions between 
physical properties of metallic those of and nonmetallic liquids (especially 
at low density), it is necessary to study some of them in detail. The equa- 
tions-of-state data are of paramount importance for this problem, since 
they are necessary for the interpretation of the data on other properties. 
Therefore, it is no coincidence that high-temperature equations-of-state 
data of cesium were obtained in a comparatively large number of investiga- 
tions [2]. However, the precision of most of them is insufficient for the 
P V T  properties of cesium at high temperatures. 

In this work (which is a continuation of earlier studies I-3, 4]) the 
equation of state of cesium is studied not only in the liquid phase, but also 
in the gaseous phase, including coexistence curve. It permits us to exclude 
errors of extrapolation of experimental isobars to the saturation state, to 
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calculate P V T  properties of cesium fluid (density and its derivatives), to 
obtain reliable values of the critical parameters, and to reveal some 
anomalies peculiarities of the equation of state of cesium near the critical 
point. 

In Section 2, a brief description of the experimental procedure, 
estimate of errors and results of measurements are given. A local smoothing 
of the experimental data and the P V T  properties of cesium are considered 
in Section 3. The results are discussed in Section 4. 

2. E X P E R I M E N T A L  

The experimental apparatus has been described in the literature [-5] in 
detail. In the present work, the stainless cylindrical membrane [-5] was 
replaced by a soft bellows of the same material. The improvement has 
permitted us to extend considerably the range of dilatometer-volume 
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Fig. L Cesium equation of state (experimental data). 1, Saturation 
curve. Isobars: 2, 0.98 MPa; 3, 3.04 MPa; 4, 6.96 MPa; 5, 7.94 MPa; 
6, 8.92 MPa; 7, 9.90 MPa; 8, 10.7 MPa; 9, 11.9 MPa; 10, 14.8 MPa; 
11, 29.5 MPa;  12, 58.9 MPa. A--Cri t ical  point; e - - v a p o r  density of 
saturation [8] ;  + ,  V---experimental data and critical point [9] .  
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variation A V, when the pressure difference AP between the inside and the 
outside of the dilatometer is negligible [6].  When d V = 2 . 2 c m  3 the 
pressure difference A P = 2 0 k P a .  The volume of the molybdenum and 
tungsten dilatometer cells was about 1.7 + 2.0 cm 3. The capillary volume 
w a s  ~ 1 0 - 2  Vcell. 

The dilatometer, filled under high vacuum with cesium and the 
mercury as the intermediate liquid, was placed in a high-pressure vessel, 
separated into hot and cold zones. Argon was used as the pressurizing 

Table I. Density of Cesium, p, in g. cm-3 

At saturation 

T (K)  P ?  p~ p~ 

10 -5 P (Pa) 

50 90 100 200 300 400 600 

400 0.0 1.781 1 . 7 8 7  1 . 7 9 2  1 . 7 9 4  1 . 8 0 6  1 . 8 1 8  1 . 8 3 0  1.854 
500 0.0 1.723 1 . 7 3 0  1 . 7 3 6  1 . 7 3 8  1 . 7 5 2  1 . 7 6 5  1 . 7 7 8  1.804 
600 0.0 1.666 1 . 6 7 4  1 . 6 8 0  1 . 6 8 2  1 . 6 9 7  1 . 7 1 2  1 . 7 2 6  1.754 
700 0.1 1.609 1 . 6 1 7  1 . 6 2 4  1 . 6 2 6  1 . 6 4 3  1 . 6 5 9  1 . 6 7 5  1.704 
800 0.2 1.552 1 . 5 6 1  1 . 5 6 9  1 . 5 7 1  1 . 5 8 8  1 . 6 0 5  1 . 6 2 2  1.654 
900 0.7 0.001 a 1 .494  1 . 5 0 5  1 . 5 1 3  1 . 5 1 5  1 . 5 3 3  1 . 5 5 2  1 . 5 7 0  1.604 

1000 1.7 0.003 a 1 .435  1 . 4 4 6  1 . 4 5 5  1 . 4 5 7  1 . 4 7 7  1 . 4 9 7  1 . 5 1 6  1.554 
1050 2.5 0.004 a 1 .404  1 . 4 1 6  1 . 4 2 5  1 . 4 2 7  1 . 4 4 8  1 . 4 6 9  1 . 4 9 0  1.529 
1100 3.6 0.006 ~ 1 .373  1 . 3 8 5  1 . 3 9 5  1 . 3 9 7  1 . 4 1 9  1 . 4 4 1  1 . 4 6 3  1.504 
1150 5.1 0.008 a 1 .341 1 . 3 5 3  1 . 3 6 4  1 . 3 6 6  1 . 3 9 0  1 . 4 1 3  1 . 4 3 6  1.479 
1200 6.9 0.011 ~ 1 .308  1 . 3 2 1  1 . 3 3 3  1 . 3 3 5  1 .361  1 . 3 8 5  1 . 4 0 9  1,454 
1250 9.1 0.014 1 . 2 7 4  1 . 2 8 7  1 . 3 0 1  1 . 3 0 4  1 . 3 3 1  1 . 3 5 7  1 . 3 8 2  1.429 
1300 12 0.017 1 . 2 3 8  1 . 2 5 2  1 . 2 6 8  1 . 2 7 2  1 .301  1 . 3 2 8  1 . 3 5 4  1.404 
1350 15 0.021 1 . 2 0 1  1 . 2 1 6  1 . 2 3 4  1 . 2 3 8  1 . 2 7 1  1 . 3 0 0  1 . 3 2 7  1.379 
1400 19 0.025 1 . 1 6 3  1 . 1 7 9  1 . 1 9 9  1 . 2 0 4  1 . 2 4 0  1 .271  1 . 2 9 9  1.354 
1450 23 0.030 1 . 1 2 4  1 . 1 4 1  1 . 1 6 3  1 . 1 6 8  1 . 2 0 8  1 . 2 4 1  1 . 2 7 2  1.330 
1500 28 0.036 1 . 0 8 5  1 . 1 0 1  1 . 1 2 6  1 .131  1 . 1 7 5  1 . 2 1 1  1 . 2 4 4  1.305 
1550 33 0.043 1 . 0 4 3  1 . 0 5 7  1 . 0 8 6  1 . 0 9 3  1 . 1 4 2  1 .181  1 . 2 1 6  1.280 
1600 39 0.051 1 . 0 0 0  1 . 0 1 1  1 . 0 4 4  1 . 0 5 2  1 . 1 0 8  1 . 1 4 9  1 . 1 8 7  1.256 
1650 45 0.060 0.955 0.960 1 . 0 0 1  1 . 0 1 1  1 . 0 7 2  1 . 1 1 8  1 . 1 5 8  1.231 
1700 52 0.072 0.905 - -  0.956 0.965 1 . 0 3 6  1 . 0 8 6  1 . 1 2 8  1.206 
1750 60 0.090 0.850 - -  0.904 0.915 0.998 1 . 0 5 3  1 . 0 9 7  1.180 
1800 68 0.114 0.789 - -  0.842 0.857 0.957 1 . 0 2 0  1 . 0 6 7  1.154 
1850 76 0.147 0.717 - -  0.766 0.790 0.918 0.987 1 . 0 3 5  1.127 
1900 86 0.207 0.614 - -  0.654 0.703 0.877 0.954 1 . 0 0 4  1.100 
1950 . . . . .  0.533 0.834 0 . 9 2 1  0.972 1.073 
2000 . . . .  ' 0.189 0.792 0.888 0.940 1.045 
2050 . . . . .  0.149 0.747 0.856 
2100 . . . .  0.132 

~ Data ofRef. 8. 
b Data of Ref. 7. 
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m e d i u m .  C e s i u m ,  t h a t  was  in t he  h e r m e t i c a l  d i l a t o m e t e r  v o l u m e ,  was  

p r e s s u r i z e d  b y  a r g o n  m e d i u m  t h r o u g h  p i s t o n ,  m e r c u r y  a n d  be l lows .  

T h e  cell in  t he  h o t  z o n e  w as  h e a t e d  b y  t h r e e  t u n g s t e n  r e s i s t a n c e  

f u r n a c e s  [4 ,  5 ] .  T h e  cell t e m p e r a t u r e  in  t he  h o t  z o n e  was  m e a s u r e d  w i t h  

t h r e e  c a l i b r a t e d  W - R e  5 /20  t h e r m o c o u p l e s .  T h e  t e m p e r a t u r e  g r a d i e n t s  

a l o n g  t he  cell we re  AT/T<~ 10 -3.  

T h e  s t a n d a r d  e r r o r  of  the  W - R e  t h e r m o c o u p l e s  i n c r e a s e s  f r o m  5 K a t  

1300 K to  10 K a t  2100  K.  T h e  p r e s s u r e  was  m e a s u r e d  w i t h  p r e c i s i o n  

m a n o m e t e r s  w i t h  a n  e r r o r  of  2 0 k P a  for  P~< 10 M P a  a n d  of  1 0 0 k P a  

for  p r e s s u r e s  p >  10 M P a .  T h e  e r r o r  of  t he  d e n s i t y  d a t a  va r i e s  f r o m  

Table II. Thermal Expansion of Cesium, 10 3 ~e, in K -1 

At saturation 

T(K) Ps (ctp)~_ 50 

10 _5 P (Pa) 

90 100 200 300 400 500 600 

400 0.0 0.32 0.32 0.31 0.31 0.30 0.29 0.29 0.28 0.27 
500 0.0 0.33 0.32 0.32 0.32 0.31 0.30 0.30 0.29 0.28 
600 0.0 0.34 0.33 0.33 0.33 0.32 0.31 0.30 0.29 0.29 
700 0.1 0.35 0.34 0.34 0.34 0.33 0.32 0.31 0.30 0.29 
800 0.2 0.37 0.36 0.36 0.35 0.34 0.33 0.32 0.31 0.30 
900 0.7 0.39 0.38 0.37 0.37 0.36 0.34 0.33 0.32 0.31 

1000 1.7 0.43 0.41 0.40 0.40 0.38 0.36 0.35 0.33 0.32 
1050 2.5 0.45 0.43 0.42 0.41 0.39 0.37 0.35 0.33 0.33 
1100 3.6 0.47 0.45 0.43 0.43 0.40 0.38 0.36 0.34 0.33 
1150 5.1 0.50 0.47 0.45 0.45 0.41 0.39 0.37 0.35 0.34 
1200 6.9 0.53 0.49 0.47 0.47 0.42 0.40 0.38 0.36 0.34 
i250 9.1 0.57 0.52 0.49 0.49 0.44 0.41 0.38 0.36 0.35 
1300 12 0.61 0.56 0.52 0.51 0.45 0.42 0.39 0.37 0.36 
1350 15 0.66 0.59 0.55 0.54 0.47 0.43 0.40 0.38 0.36 
1400 19 0.71 0.64 0.58 0.57 0.49 0.44 0.41 0.39 0.37 
1450 23 0.76 0.69 0.61 0.60 0.51 0.45 0.42 0.40 0.38 
1500 28 0.83 0.74 0.65 0.64 0.53 0.47 0.43 0.40 0.38 
1550 33 0.91 0.82 0.70 0.68 0.57 0.49 0.44 0.41 0.39 
1600 39 1.0 0.93 0.76 0.73 0.59 0.51 0.46 0.42 0.40 
1650 45 1.1 1.1 0.88 0.82 0.62 0.53 0.48 0.44 0.41 
1700 52 1.3 - -  1.0 0.95 0.66 0.55 0.50 0.46 0.42 
1750 60 1.6 - -  1.3 1.2 0.72 0.58 0.52 0.48 0.44 
1800 68 2.3 - -  1.6 1.5 0.78 0.61 0.54 0.50 0.46 
1850 76 3.6 - -  2.4 1.9 0.86 0.64 0.57 0.52 0.48 
1900 86 7.1 - -  5.0 3.1 0.95 0.67 0.60 0.54 0.50 
1950 . . . .  18 1.1 0.71 0.63 0.57 0.52 
2000 . . . .  9.2 1.2 0.75 0.66 0.60 0.54 
2050 . . . .  3.7 1.4 0.80 
2100 . . . .  1.9 
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0.2% for the dense liquid ( p ~ > l . 5 g . c m  -3) to 1% for the vapor 
(p~<2.10 2 g . c m  3). 

The experimental data are shown in Fig. 1. The measurements were 
performed along isobars at stationary conditions under both increasing and 
decreasing sample temperature. The majority of the experimental points 
was obtained at pressures of l, 3, 7, 8, 9, 10, 11, and 12MPa. The data 
obtained at higher pressures agreed with our earlier data [4].  Therefore 
the number of new data at pressures p > 15 MPa is not large. The data for 
isobars at 30 and 59 MPa, shown in Fig. 1, are given in Ref. 4. 

The liquid-gas transition temperature T s was determined from the 
density jump under heating and cooling of the sample. The error of these 

Table III. Isothermal Compressibility of Cesium, 10 9 kT, in Pa 1 

At saturation 

T (K) Ps (kr)~ 50 

10 s p (Pa) 

90 100 200 300 400 500 600 

400 0.0 0.74 0.73 0.72 0.72 0.71 0.69 0.67 0.65 0.63 
500 0.0 0.86 0.84 0.83 0.83 0.80 0.77 0.75 0.72 0.70 
600 0.0 0.99 0.96 0.94 0.94 0.90 0.86 0.83 0.80 0.78 
700 0.1 1.1 1.1 1.1 1.1 1.0 0.98 0.94 0.90 0.87 
800 0.2 1.3 1.3 1.2 1.2 1.2 1.1 1.1 1.0 0.97 
900 0.7 1.5 1.5 1.4 1.4 1.3 1.3 1.2 1.1 1.1 

1000 1.7 1.8 1.8 1.7 1.7 1.6 1.4 1.4 1.3 1.2 
1050 2.5 2.0 1.9 1.9 1.8 1.7 1.6 1.5 1.4 1.3 
1100 3.6 2.3 2.1 2.0 2.0 1.8 1.7 1.6 1.5 1.4 
1150 5.1 2.5 2.4 2.2 2.2 2.0 1.8 1.7 1.6 1.5 
1200 6.9 2.8 2.6 2.5 2.4 2.1 1.9 1.8 1.7 1.6 
1250 9.1 3.2 2.9 2.7 2.7 2.3 2.1 1.9 1.8 1.7 
1300 12 3.7 3.3 3.0 3.0 2.5 2.3 2.1 1.9 1.8 
1350 15 4.2 3.8 3.4 3.3 2.8 2.5 2.2 2.0 1.9 
1400 19 4.9 4.4 3.9 3.8 3.1 2.7- 2.4 2.2 2.0 
1450 23 5.7 5.1 4.4 4.3 3.4 3.0 2.6 2.3 2.1 
1500 28 6.7 5.9 5.1 4.9 3.8 3.2 2.8 2.5 2.2 
1550 33 8.0 7.2 5.9 5.6 4.3 3.5 3.1 2.7 2.4 
1600 39 9.6 8.8 6.9 6.6 4.8 3.9 3.3 2.9 2.6 
1650 45 12 11 8.4 7.9 5.4 4.3 3.7 3.2 2.8 
1700 52 15 - -  11 10 6.2 4.8 4.0 3.5 3.0 
1750 59 23 - -  15 13 7.3 5.4 4.6 3.8 3.3 
1800 68 41 - -  21 19 8.6 6.0 5.0 4.2 3.5 
1850 76 78 - -  34 29 10 6.7 5.5 4.6 3.9 
1900 86 230 - -  100 62 12 7.6 6.2 5.1 4.2 
1950 . . . .  500 15 8.6 6.9 5.6 4.6 
2000 . . . .  470 19 9.8 7.7 6.2 5.0 
2050 . . . .  350 24 11 
2100 . . . .  260 

840/11/'3-2 
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measurements was ~<1 K on the thermometer scale used. The measured 
values of the gas-liquid transition temperature at pressures up to 9 MPa  
were in agreement with earlier P s - T s  data [7]. On the experimental 
isobars at pressures P ~> 10 M P a  boiling was not observed. 

The points which correspond to the saturated vapor density [8]  are 
also shown in Fig. 1. These are in a good agreement with our data at 
temperatures up to 1800 K. The critical parameters are as follows: 

To= 1938_+ 10 K, P~ = 9.4 +_ 0.2 MPa,  po = 0.39 • 0.01 g . c m  -3 (1) 

These parameters disagree with earlier data (see Ref. 2), but they agree 
with recent data reported by Jungst et al. [9]  (see Fig. 1). 

3. ANALYSIS OF E X P E R I M E N T A L  DATA 

For  a calculation of the P V T  properties the experimental data need to 
be smoothed. Obviously, the results will depend on the smoothing method. 
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Fig. 2. Cesium equation off state; smoothed data along 
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Usually, this problem is solved by fitting an analytical equation to the 
experimental data by means of the least-squares method. However, an 
analytical equation of state for the liquid and dense vapor is not available. 

We used a local smoothing method [10] for experimental data treat- 
ment. The essence of the method is as follows: a smooth value is obtained 
as Yk =fk(x)ix=xk, where fk(x) are calculated by means of the least-squares 
technique from the experimental data (xi, Yi), with i = k - 2, k - 1 ..... k + 2. 
The procedure is repeated for k = 3, 4 ..... n - 2 ,  where n is the number of 
points on the curve. Derivatives were calculated from fk(x): ~fk/~?xl~=~ , 
and 02fk/t?x 2 I~=~' The experimental points may be smoothed many times. 
The criterion of sufficiency is the smoothness of the first and second 
derivatives if the difference between experimental and smoothed data is 
acceptable. 
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Fig. 3. Isothermal compressibility of cesium. 1, At saturation. 
Along smoothed isobars: 2, 5 MPa; 3, 7 MPa; 4, 8 MPa; 5, 
9 MPa; 6, 9.bMPa; 7, 10MPa; 8, 11 MPa; 9, 12MPa; 10, 
15 MPa; 11, 20 MPa; 12, 30 MPa; 13, 60 MPa. 
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The density p, isothermal compressibility kT= p l(6~p/OP)r and ther- 
mal expansion c~e= -p-~(~?p/c~T)e of cesium for the observed parameters 
of state are given in Tables I-III  and in Figs. 2 and 3. 

4. DISCUSSION 

As seen from Fig. 1, the coexistence curve of cesium is asymmetric. The 
reduced density IpS-pcl/pc versus z= (Tc-T)/Tc (pS, density at satura- 
tion) for the liquid (L) and vapor (V) branches of the coexistence curve are 
plotted in Fig. 4 (on a logarithmic scale). As is known [11] for dielectric 
substances, both of the branches are proportional to r e at z ~ 1, where 
f l m f l V m f l L  "~ 1/3. In practice this is true for ~< 10-1[12]. As shown in 
Fig. 4, the situation for cesium is different: for the vapor branch fly = 0.34, 
but for the liquid branch fiE = 0.44. The dashed lines are their extrapolation 
to z ~ 0 .  In the nearest vicinity of the critical point, both of these 
dependencies must be fl ~- 1/3. According to our data this will be true for 
cesium at z < 10 -3. The observed shape of these plots may be explained, 
first, by the fact that the metal-insulator transition in cesium takes place in 
the nearest vicinity of the critical point in agreement with electrical conduc- 
tivity data for cesium [13], second, that the critical region for cesium is 
much smaller than for dielectric substances. 
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Fig. 4. Liquid and vapor branches of the cesium coexistence 
curve. 
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As shown in Fig. 1, the coexistence curve diameter of cesium has a 
strong curvature. For the first time the violation of "rectilinear-diameter 
law" was observed for mercury by Kikoin and Senchenkov [14] and then 
was supported by more precise mercury equation-of-state measurements 
[15]. Our data on the curvature of cesium coexistence diameter agree with 
data reported in Ref. 9. 

Figure 5 reproduces the Guggenheim plot of the coexistence curves of 
eight dielectric substances. Coexistence curves of mercury [15] and cesium 
with their diameters are also shown in Fig. 5. As seen, the principle of 
corresponding states for mercury and cesium is not observed. This concerns 
mainly the liquid phase, where the interaction between particles strongly 
depends on the states of valence electrons. One may assume that the 
difference of the diameter curvature (p~+p~v)/2=f(T) for monovalent 
cesium and divalent mercury is related to electron spectrum differences in 
these metals in liquid phase. 

The curvature of the diameter for metals may be expected, since the 
saturation line of metals is in essence the coexistence boundary of two dif- 
ferent substance: metallic liquids with strong density dependence of interac- 
tion between particles and nonmetal vapor or dense plasma. For mercury 
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Fig. 5. Coexistence curves and their diameters for dielectric and metallic 
substances. 
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the metal-nonmetal transition occurs in the liquid phase at p--- 1.5pc [14], 
which only exaggerates the situation. We believe that the observed cur- 
vature of coexistence line diameter is not related to the singularity of the 
diameter, predicted very close to the critical point. 
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